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Motivation — wind data collected during fire experiments by CSIRO in 2015
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Introduction

» Many disciplines, such as climatology, ecology, and cognitive science, collect and
analyze directional/circular data.

» Linear methods may not always respect the nature of circular data.

» Wind direction data shows diverse temporal variability and modality.

3/20



Methodology

Wrapped Autoregressive process (Breckling 1989) : WAR

Direct or linked form Autoregressive model (Fisher et al. 1994): LAR
* Inverse Autoregressive model(Fisher et al. 1994): IAR

+ von Mises process (Breckling 1989): vMP
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Methodology

Wrapped Autoregressive process (Breckling 1989) : WAR
Direct or linked form Autoregressive model (Fisher et al. 1994): LAR

* Inverse Autoregressive model(Fisher et al. 1994): IAR

+ von Mises process (Breckling 1989): vMP
* Proposed method: Hidden Markov model with conditional circular distribution:
* CHMM = IAR + HMM
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Existing methodology: IAR(p)

Inverse autoregressive model assumes a circular distribution with a conditional mean
(Fisher et al. 1994). Let {91‘}{; denote a directional time series. Then,

pe=p+g Zw,g (0r—j — 1)
j=1

1
Otlpt ~ VM(pt, k) = F(Or|pe) = 2rlo(n )eXP{F&COS(é’t—Mt)}a

where vM(u, k) denotes the von Mises distribution with mean direction n € [0,27) and
concentration parameter x > 0, and |w;| < 1;j = 1,..., p are autocorrelation coefficients.

« Parameter vector ¥ jap = (1, w1, ..., wp, k) | .
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Existing methodology: Hidden Markov models (HMMs)

Let {6:}[_, denote a time series and {S;}]_, denote the unobserved state sequence
where St € {1,2,...,K}.

S @ e /3\\? St
2 62 0; 0111

« States follow a (first-order) Markov property: f(S¢|S;_1, St_2,...) = f(St|St_1)
- {0:}[_, is conditionally independent given the hidden states:

f(0tl0t—1,0t—2,...,St,St-1,...) = (04| St)
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Existing methodology: Hidden Markov models (HMMs)

« Initial probabilities: «x = P(S1 = k) € [0, 1], and f(S1) = Multinom(1,¢) where S is a binary
K-vector encoding S;.

+ Transition probabilities: v, x» = P(S; = k’|Si—1 = k) € [0, 1], where 2,5,21 Yih = 1.
We can then write the probability transition matrix

YA Y12 e M,K
Y21 Y22 ... Y2,k
VKA VK2 e VK, K

- We have #(S/|Si_1 = k) = Multinom(1, T..), and hence f(S;S¢_1) = T, TI_, 7ol 5
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Proposed Method

cHMM = IAR + HMM
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Circular hidden Markov model (cHMM)
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In cHMMSs, the directional time series {Gt}f:1 is not conditionally independent given the
hidden states. Specifically, we assume

o
0l St = K, 0t 1, ..., 0t—p ~ VM(utk, k) prek = e + 9 ij,kg_1 (Or—j — k)

J=1
« State-specific concentration x, > 0 and “location” parameters . € [0, 27).
+ State-specific autocorrelation parameters |w; x| < 1;j=1,...,p.
« Parameter vector: Worpm = {¢7,Vec(T) T, a1, ..., K, K1y e oo KRG W11, W2, 15 -+ -, Wp K) |-
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cHMM: Details

@ Parameter estimation:

* Direct numerical maximization

 See article for marginal likelihood function and recursive formulas
@ State sequence Estimation:

« Viterbi algorithm to determine the probable state sequence {ét}f:1, given the estimated
parameters W oy (Zucchini et al. 2017)
« See article for details
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cHMM: Details

@ Parameter estimation:

* Direct numerical maximization

 See article for marginal likelihood function and recursive formulas
@ State sequence Estimation:

+ Viterbi algorithm to determine the probable state sequence {9,};1, given the estimated
parameters W oy (Zucchini et al. 2017)
+ See article for details

© Prediction / Forecast

(i) Forecasting state sequence : {STH‘T},T:"*;W.
(if) Forecasting direction observations given the state sequence:
O 7|ST40T = K ~ VM1 47 K5 FK)-

10/20



cHMM: Forecasting

@ Forecasting state sequence {\ASH,‘T},T:"‘;W.
« Unconditional forecast (UF): #(St, 17|57 = k) = Multinom(1, T .)

» Most probable state forecast (MPSF): émur = arg maxx—1,. K I5(ST+,|T = k|{9t}f:1)
(see details for how to compute this efficiently; similar to Viterbi algorithm)

« Last state carried forward (LSCF): 57,7 = Srfor [ =1,..., Thew.
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cHMM: Forecasting

R q 0 q q ~ T
@ Predict/Forecast directional observation given the state sequence {677} ,"5".
e Simulate 9T+I|T‘ST+/\T =K~ VM(//}\J'/'*_/‘T’;(, I%k), where
ATtk = Pk + {2 Qjkg ™ O — )}

» Repeat a large number B times to construct forecast sequences
{{9(7{1),”},1”?”; b=1,..., B}. Point/interval/probabilistic forecasts follows from this.
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Wind data application
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Application — wind data collected during fire experiments by CSIRO in 2015
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Application: Estimated states and in-sample performance

Based on AIC and assuming p = 1 autocorrelation,

» For E06, a K = 1 state cHMM i.e., an IAR(1) model, was chosen
» For S03, a K = 2 state cHMM was chosen
» For S05, a K = 3 state cHMM was chosen

15/20



Application: Estimated states and in-sample performance

Based on AIC and assuming p = 1 autocorrelation,

» For E06, a K = 1 state cHMM i.e., an IAR(1) model, was chosen
» For S03, a K = 2 state cHMM was chosen
» For S05, a K = 3 state cHMM was chosen

In-sample performance:

Data LAR(1) IAR(1)  WAR(1)  vMP(1) cHMM

Dispersion measure (D)
Angular separation between observed and fitted wind directions
E06 0.0109 0.0109 0.0109 0.0109 0.0109(k = 1)
S03 0.0056 0.0056 0.0056 0.0056 0.0051(k = 2)
S05 0.2256 0.2120 0.9196 0.1910 0.0971(k = 3)

MAAD
Circular mean absolute angular difference
E06 0.1115 0.1116 0.1116 0.1116 0.1116(k = 1)
S03 0.0798 0.0798 0.7970 0.0798 0.0762(k = 2)
S05 0.5119 0.4189 1.3381 0.3727 0.1743(k = 3)
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Application: Estimated state sequence for S05

14283
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Application: Forecasting performance for S05

The interval score and circular continuous rank probability score are rules to assess
performance; see article for details.

Dispersion (D) MAAD Winkler/Interval score CRPS

LAR(1) 0.193  0.591 3.804 0.198
IAR(1) 0.158  0.525 2.996 0.149
WAR(1) 0.180 0.570 2.845 0.165
VMP(1) 0.177 0.568 2849 0.163
cHMM with UF 0.057  0.300 3.509 0.071
cHMM with MPSF 0.022 0.158 1.374  0.022

cHMM with LSCF 0.022 0.158 1.374 0.022
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Application: Forecasting performance for S05

Wind direction {radians)

Wind direction / prediction
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Conclusion

* cHMMs combine hidden Markov models with a conditional von Mises distribution featuring an autoregressive mean
(IAR model).

+ Capture time series dependency within and between states. Hidden states could be insightful e.g., wind regimes.

» Most probable state forecast (MPSF) is preferred for prediction, leveraging the Viterbi algorithm for sequential
consistency.

» cHMM can be sensitive to initial values. We used a data-driven and visualization-based approach on partitioning
wind directions, but more work needed.
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Appendix: LAR(p)

g : R — (—m, ) be an odd, monotonic and invertible function satisfying g(0) = O (Fisher
etal. 1994). The linked function is g(x) = 2r{®(x) —27'}.

The LAR(p) model is then given by,

p
pe=PBo+Y_ B9 (Or—j— 1)

J=1

Ot =+ 9(ut + er), e~ N(O, UEAR)

_ T
Parameter vector ¥ a5 = (0, 81, - - -, Bps b 04p) T



Appendix: WAR(p)

Let {)\f}f: 1 be a latent stationary autoregressive process satisfying,

p
At = Zﬁj)\tfj +er,  e~N(0,055)
j=1
The WAR(p) model is then given by (Breckiing 1989),
0 = i+ A (mod 27T)
Circular mean wind direction p € [0, 27):

4 = arctan (g) +7l(C < 0)+27/(C > 0,5 < 0)

C=T"2] cos(6y)and S= T~ 3] sin(6y).

Parameter vector ¥ yug = (1, B1, .., Bp, ooar) | -



Appendix: WAR(p)

- Centered directional time series {0; — i}[_;.

« Sample circular autocorrelation function,
C(h) = Ceos(h) + Csin(h)
« Sample autocorrelation function of the {\¢},
C(h) = log {&(h) +1 — &(0)} — log {1 — &(0)}
* Yule-Walker estimation is applied to the sample autocorrelation function.

B=G'gand sl =C(0)-g'G 'g

where the (r, s)th element of G is given by [G];s = C(r — s) forr,s =1,...,p,and § = {€(1),...,C(p)} .



Appendix: vM(p)

Let {0; — uu}]_, denote the centered directional time series and (po, . .., pp) | denote a
vector of strictly positive parameters, and define the concentration vector,

R
u(p) = po [0] +> pj

=

cos(6;- - u)]

sin(0¢—j — )

Otlpat, e(p) ~ VM (pt, [[e(p)]])

vii(p) po + 3274 pjcos(Br—j — p)

P isin P —
pt = Arg{vi(p)} = tan™’ (Vtz(p)> — tan—! < 2y pysin(Or—j — 1) ) .

« parameter vector ¥y = (1, po, - -, pp) " -



Appendix: Relationship WAR(p) and vM(p)

« Use estimates from the WAR(p) model and connect the parameters i.e. (31,...,8p)"
and o2 to vMP(p) model.

p
of = —2log{l(p)) Th(py)} and %= (D o;%) " Brecking 1989).
j=0
2 2
of =— and of= Up :
J 1- j=1 Bj

« from which it follows that,

o ~ %\ _ h(p) oo o? ~ h(po)
p( 2@') ~ ho(py) p{ 2(1 =328, /Bj)} ~ lo(po)”




Appendix: Viterbi algorithm

E1k = kF(01]S1x=1) k1, K

ft,k: maX f({St’ = 1,St—k {ef’}t’ 1)

t t’1

Etke = Max{&(e—1) ko Th/ } F(01)St = K, 041, .., 0_p)

St = arg mafor,k and S;= arg maxKﬁt’k’yk,km, =T, 1

Sl geoey =1,



Appendix: cHMM Parameter estimation

+ For a cHMM of order p, define the K x K diagonal matrix P(6;),
P(Qt) = Dlag{f(9,|8, = 176‘t,1 noao ,ét,p), 500 f(ét\St = K, 0t71 0000 ,gt,p)}

» The marginal likelihood function of the cHMM,
LCHMM(‘IICHMM) = LTP((91 )I‘P(92)I‘ ce e FP(97)1K

» Recursive computation of Loyym (¥ cmm),

a1 = P(91)L
ot = P(Gt)I‘Ta,,1
Lotmmt(®ermm) = ag i fort=2,.... T

_ T T T
* Wermm = {¢ ' ,vec(L) ', g1, ... UK, K1y oo KK WH 1, W2 1,5 -+, Wp K)



Appendix: Winkler score

A more explicit formula to compute the Winkler score at time point T + / is given as follows:

W, it L7y < Oryyand 67 € (Lryy, Ory)

IW + 525 x min{A(U), 27 — A(L)}, if Lry < Uryy < 074 and 074 ¢ (Lroy, Urgy)
W7y = IW + 52 x min{A(L), 27 — A(U)}, if 074 < Lyiy < Uryyand 074 ¢ (Lryy, Ury))

27 +1W, it Uryy < Lrypand 01y € (Uryys Lryy)

Lrii— Uri+ g% x min{A(U), A(L)}, if Uryy < Lryyand 074 ¢ (Uryy, Lry)

where IW = Ury — Ly, A(L) = 074 — Ly and A(U) = (674 — Uryl.



Appendix: Initial value estimation for «

R=(5%+C?)" where C= T-' 21 cos(6r), S = T S, sin(6))

2R+ R®+ 5 if R < 0.53
k= g-f?;.?, if0.53 <R <0.85.
ey ey} if R > 0.85

If T <15, we use an adjusted initial estimate & .4 instead of & which define as (Mardia et al.
2009),

. {max{/i TA 0}, ifR<2
Ragj =

Tk ith > 2.



Appendix: Initial value estimation for w;

Expression for the sample autocorrelation given by (Fisher et al. 1994),

fp= det(3 1 XeX(l,) j=1,...,p
1 {det(zt thT) det(Zt it XTXT)}1/2 5000 9/[%k

where X; = {cos(f;),sin(6;} " and det(-) denotes the determinant operator.



Appendix: In-sample performance

» Dispersion : A measure based on the angular separation between the observed
and fitted wind directions (Mardia et al. 2009; Harvey et al. 2024),

.
D=(T—1)""> {1 cos(6; — b;)}
t=2

* Mean absolute angular difference (MAAD) : circular mean of absolute angular
difference ¢(6;, 0;),

A~ Ht—ét if 91—9t§7r
C(0r,0r) = | | . | | N
271'—’61‘—91‘ Ifﬂ<’61—91‘§2ﬂ'



Appendix: Forecasting performance

» Point forecast performance:
* Dispersion
« MAAD

* Interval forecast performance:
« Circular average of Winkler score (interval score):

W; = Interval width + 2 x o' x 1{6; & (L., Ury))} x Ay

A denotes the distance between 6; and the closest end point of the (1 — )% interval.

» Probabilistic forecast performance:
+ Continuous ranked probability score (CRPS) (Grimit et al. 2008).

CRPS(6;) = E{¢(©,0:)} — 27 'E{((©,0%)}

© and ©* denote independent copies of directional random variables.
CircSpaceTime package (Lasinio et al. 2020) used to compute the circular CRPS.
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